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Abstract. We study a Helmholtz-type spectral problem in a two-dimensional 
medium consisting of a fully periodic background structure and a a perturba- 
tion in form of a line defect. The defect is aligned along one of the coordinate 
axes, periodic in that direction (with the same periodicity as the background) and 
bounded in the other direction. This setting models a so-called "soft-wall" waveg- 
uide problem. We show that as a consequence of the perturbation, no eigenvalues 
can arise in the band gaps of the unperturbed, fully periodic problem. 



I. Introduction 
Consider a Helmholtz-type spectral problem on R 2 of the form 
(1) - Am = Xeu. 

e e L°°(R 2 ,R) is given by 

e = e + Si 

where e is periodic with respect to the lattice Z 2 . E\ is periodic in x 2 direction 
(with respect to Z), supp^i C (0, 1) X R. e and Eq are bounded from below by a 
positive constant. The physical interpretation is as follows: the spectral problem ([I]) 
models the propagation of polarized electromagnetic waves in a periodic medium, 
described by e , perturbed by a straight waveguide (see figured]). 

The unperturbed spectral problem (i.e., e replaced by Eq in (1T1) ) is periodic with 
respect to Z 2 and its spectrum has the well-known band gap structure. Note that the 
problem (Tj[|) is no longer periodic with respect to the full lattice Z 2 . The perturbation 
may induce additional spectrum in a band gap of the periodic background operator 
(see the literature references below). If present, this spectrum should correspond to 
guided modes propagating in the direction of the waveguide. However, in order to 
associate the additional spectrum with truly guided modes, one has to prove that no 
eigenvalues of ([!]) are contained in the band gaps. Such an eigenvalue corresponds 
to a localized mode (bound state) on the whole space and its existence should be 
highly unlikely, according to physical intuition, though in general very hard to prove 
mathematically. This is the question we would like to address in this paper. Our 
main result guarantees the absence of such eigenvalues for the problem ([1]) , as long 
as A lies in a band gap of the unperturbed operator. 

Problems of a related nature have been a subject of intensive study for some 
decades: while the absence of singular continuous spectrum for periodic operators 
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can be proven rather easily, the challenging task for the periodic operators of math- 
ematical physics is to exclude the existence of point spectrum. 

For the Schrodinger operator with a potential periodic in all space directions, the 
absolute continuity of the spectrum was proven in the celebrated paper by L. Thomas 
[IS] . His results were extended to Schrodinger operators with magnetic potentials, 
by M. Sh. Birman and T. Suslina in [2] and by A. Sobolev [16]. An overview on 
results and open problems related to absolute continuity for periodic problems is 
given in the papers [9], [13] and [IT]. The study of periodic waveguides goes back to 
[3] . The problem of absolute continuity of the spectrum in periodic waveguides with 
"hard walls" (i.e. where the guided mode is confined by e.g. Dirichlet boundary 
conditions) has been considered in [T5], [5] and more recently, in [5J. 

Although very relevant for modern developments in optics, there is definitely a 
lack of mathematical publications dealing with "soft wall" waveguides, i.e., where the 
guided modes are allowed to penetrate the surrounding medium with an exponential 
decay ([ID]. [IT]). Sufficient conditions for the existence of spectrum of <^ in band 
gaps of the periodic background have been derived by Ammari and Santosa in [I] 
and by P. Kuchment and B. Ong in [IT], [12] , The paper [I] by N. Filonov and F. 
Klopp treats a different type of "soft-wall" waveguide problem, namely a periodic 
waveguide surrounded by a medium which is asymptotically homogeneous in lateral 
direction. 

To the authors' knowledge, the present paper contributes the first result on nonex- 
istence of bound states in periodic waveguides which are embedded into a periodic 
background structure. The problem is highly nontrivial, since the standard Thomas 
approach is not applicable in its usual form (see e.g. the discussion in P. Kuch- 
ment 's review article [12] ). The main difficulty comes precisely from the "soft wall" 
property of the problem. 

We still use a version of Thomas' idea of considering complex quasimomenta with 
large imaginary part. However, due to lack of compactness, several new techniques 
are needed, as well as careful estimates on the fully periodic operator. We refer to 
section [3] for an overview. The restriction to a two-dimensional situation is crucial 
for our approach. The corresponding problem in higher space dimensions remains 
open. 

2. Notation and preliminaries. 

We introduce some notation that will be used below. Let S :— R x (0, 1) be the 
strip and Q = (0, l) 2 the unit cell. Bold letters will indicate vectors, for example 
k = (k 1 ,k 2 ), m = (777.1,777.2), T] = (771,772). All operator norms will be denoted by 
||-||, since it will be clear from the context on which spaces the operator acts in each 
case. 

Let £q,Si G L°°(R 2 ,R). Eq is assumed to be periodic with respect to Z 2 , whereas 
for £1 we assume 

£i(xi, x% + 777.) = ei(xi, x%) (m G Z) 

and suppei C (0, 1) x R. Both e and e := eo + S\ shall be bounded from below by 
positive constants, and moreover we assume that there exists a nonempty open set 
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Figure 1. Illustration of the periodic waveguide. 
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H*(S) denotes the Sobolev space of functions periodic in x 2 -direction, and Hp Cr (Q) 
denotes the Sobolev space of periodic functions on the unit cell. 

We will need "shifted" Laplacian operators on S and on Q. For k 2 G C, — Aj. 2 
will denote the operator 

- A k2 : = -(V + i(0, k 2 )) • (V + z(0, fe)) 

acting on functions in H^ er (S). For k G C 2 , — A k denotes 

-(V + ik) ■ (V + zk) 



per\ 
- Al 



with if 2 er (f2) as domain. 

The Floquet-Bloch transform in x 2 direction (see [8], [9]) 



(Vf)( Xl ,x 2 , k 2 ) :=^=Y. e lk2(n - X2) f(^ x 2 ~ n) 

maps L 2 (M 2 ) isometrically onto L 2 (S x (— 7r, tt)). It is well-known that K can be used 
to reduce the spectral problem (pQ) to the strip 5; namely, — ^A can be expressed as 
a direct integral 

1 f® 1 

— A = / — A fe2 rffc 2 

e J[-tt,tt) £ 
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and as a consequence, the spectrum of the self-adjoint operator — ^A is decomposed 
into the union of the spectra of problems on the strip: 



a 



(44 u 444 



Using the full periodicity, on the other hand, the spectrum of the periodic operator 
— ^A is decomposed according to 



h4 a 4 u 44* 

For A i a (~^ A ) the inverse operator of (— Ak — A^o) will frequently appear 
below, and we write 

T(k) = T(h, k 2 ) : = ^-(-A k - A^o)" 1 

Z7T 

whenever (— Ak — A^o)" 1 exists. This can be true or not, depending on k G C 2 . 
Furthermore, we often consider T(k±, k 2 ) as a function of k± for fixed k 2 . If for fixed 
k 2 G C, T(ki, k 2 ) exists for some k\ G C, then k\ (->■ T(k\, k 2 ) is meromorphic. 
For / G L 2 (n), we define / G L 2 (S) to be 

/ = / on Q, f = elsewhere. 

An important role is played by (— A^ 2 — \eo)~ 1 f. It is straightforward to apply the 
Floquet-Bloch reduction in Xi-direction to show the following formula: 

(2) ((-A*, - A5or7)(x) = 4^(n^ 2 )e- ifcl 7)(x) dh 

J — TT 

(x G Q). Here e~ lkl ' means the function (yi,y 2 ) (->■ e~ tklVl . It is convenient to 
interpret the integral in (j2J) as a Bochner integral with values in L 2 (Q). 

As usual, it will be important to diagonalize — Ak using Fourier series on Q. Any 
u G H 2 er (Q) can be expanded into Fourier modes {e im '*} m <=2wZ 2 ', on the level of 
Fourier coefficients, the action of — Ak on u is given by multiplication with 

s(m, k) = (m + k) 2 . 

Remark 2.1. We will need the following facts from the perturbation theory of linear 
operators (see JTjj: 

(i) The set Vofh where T(k) exists as a bounded operator in L 2 (Q) is a open 
subset ofC 2 ; 

(ii) the mapping k h-> T(k) analytic on T>. 

3. Main result and general plan of the paper. 
3.1. The main result. 

Theorem 3.1. Let A ^ cr(— ^A). In H 2 (M. 2 ), the equation (0Q) has only the trivial 
solution. 
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We now sketch our approach to the proof of theorem 13.11 

1. The first step is to use the usual Floquet-Bloch reduction in ^-direction. 
Applied to ([I]), this yields a problem on the strip S. Thus, the existence of 
a nontrivial solution of ([I]) implies that 

(3) (-A fe2 - Xe)u = 0, ue H 2 er (S) 

has a nontrivial solution for almost all k 2 G K. It is not straightforward 
to apply Thomas' idea (extension to complex k 2 ) directly to (j3J), since S 
is unbounded and hence the spectrum of the strip problem is not discrete. 
First observe that since A lies in a band gap of the unperturbed system, 
(— A k2 — A^o) is invertible for all real k 2 . By making use of this fact, we 
derive an equivalent analytic Fredholm-type equation for the new unknown 
function v G L 2 (Q): 

(4) v + XG(k 2 )v = 

with some compact operator G(k 2 ) : L 2 (Q) — > L 2 (Q) to be introduced below 
in (jHJ). G(k 2 ) is defined for k 2 in a neighborhood of the real axis. 

2. In the second step, we construct an analytic continuation of the operator 
family G(k 2 ) to values k 2 with large imaginary part. To this end, we exploit 
the periodicity of the unperturbed operator in x\ direction, via the formula 
§2§. Basically, the idea consists in deforming the integral in (J2J) into the 
complex plane, thereby obtaining a representation involving an integral over 
a line lying sufficiently far away from the real axis (in the fci-plane) plus a sum 
over the residues of the meromorphic operator-valued function T(-, k 2 ). Since 
in the following we want to let Im k 2 — > oo (similar to the Thomas approach), 
it is therefore crucial to understand the movement of the poles of T(-,k 2 ) 
as k 2 varies. In general, however, the poles have algebraic singularities as 
functions of k 2 ; in order to overcome this difficulty, we construct an analytic 
continuation only in the neighborhood of a certain path in the complex plane, 
carefully avoiding the algebraic branching points. Note here that results from 
complex analysis of a single variable enter. So the restriction to two space 
dimensions is important, since then we have to deal with only two complex 
quasimomenta. 

3. In the third and technically most difficult step, we study the behavior of the 
analytically continued operator-valued family for values k 2 with large imag- 
inary part. By carefully estimating the symbol of the shifted cell Laplacian 
— Ak, we will be able to localize the poles of T(-,k 2 ) for Imk 2 large. The 
essential technical estimates are contained in theorem 18. 4[ and here the two- 
dimensionality of the problem is required, too. Finally, these estimates allow 
us to conclude by a Neumann series argument that (j4j) has only the trivial 
solution. 

3.2. Plan of the paper. The remainder of the paper is structured as follows: in 
section |4j we give the analytic Fredholm equation involving the operator G(k 2 ). 
Then, in section [5] we describe in detail the analytic continuation process. The 
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study of the continued operator family for large imaginary values of k 2 occupies 
section [61 Finally, section [7] contains the proof of the main result. Throughout the 
paper, we will refer to results from the appendix, which also contains the major bulk 
of technical computations. 

4. Reformulation of the problem 
Fix A ^ a ^— ^A^, let k 2 G M. and suppose u G H 2 CT (S) solves 

(5) — Ak 2 u — \(eo + Ei)u = on S. 
Moreover, let G(k 2 ) : L 2 (Vl) L 2 (fi) be defined by 

(6) G{k 2 )v := e 1 (-A fca - XsoY 1 ^ 
where v = v on Q and v = outside. 

Lemma 4.1. J/^ Gl and « ^ solves (j3J), i/ien u G L 2 (f2) defined by v = E\U 
solves 

(7) v + AG(£; 2 )t> = on Q 
and v 7^ 0. 

Proof. First we prove that t) ^ 0; thus, assume the contrary. Since |ei| is bounded 
away from zero on a nonempty open set, this implies u = on a such a set. Using 
the fact that u solves (jSJ) and a unique continuation principle (see [T4]). we conclude 
it = on the whole of S, a contradiction. 

Since X ^ a ^— ^A^, (— A k2 — Xeo)^ 1 exists as a bounded operator in L 2 (S). 

Hence from (— A k2 — Xe)u = we get 

= u + A(-Ajfc 2 - Aso) -1 ^. 

Multiplying the equation with e 1; writing t> = e x w and using (jBJ), we get the result. 

□ 

Fix for the whole paper a number 5 > so small that 

0<*<t 
4 

and such that (— A k2 — A^o) -1 exists for all k 2 in the following set: 

Z := {z G C : | lmz\ < 5}. 
Such choice of 5 is possible by remark [24] and ([2j). Define moreover 

Z := {2; = £ 2 + ir 2 : f 2 G (tt - 5, tt + 5), r 2 G K}. 
The reader should keep in mind that we regard Z , Z as sets in the complex fc 2 -plane. 
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5. Continuation of resolvent operators. 

Theorem 5.1. There exists a number n G 2ttN such that for all k 2 G Z, T(k\, k 2 ) 
exists for all k\ G [— 7r, 7r] ± iri. 

Proof. From theorem 18.41 (in particular estimate (JHJ)) we get 

-l 

- A (i+ir uk J < IK + Re k 2 ) 2 -rl\ 

for ^ G [— 7r, 7r],Ti G R. Since Re fc 2 G [7r — 5, 7r + 5] , by lemma WM we may choose 
T\ G 27rM so large that for all £i G [— ir, ir] 

holds. The standard Neumann series argument then shows that 

( _A (?i+m,2 2 ) _ ^o)" 1 
exists for £i G [— 7T, 7r] and z 2 in a small neighborhood of k 2 . □ 

5.1. Construction of the analytic continuation. We will now describe the an- 
alytic continuation of the operator 

G(k 2 )r = e 1 (-A k2 -\s )- 1 r 

to values k 2 with large imaginary part, along a certain path V in the complex k 2 - 
plane. 

In the first step, choose a number 

n G 2ttN, 

which will be fixed for the rest of the whole paper, with the properties from theorem 
15. H i.e., for all k 2 £ Z, T{k\, k 2 ) exists for k\ on the complex lines [— ir, it] ± %T\. So 
by the analytic Fredholm theorem, T(ki,k 2 ) exists for all except for a discrete set 
of k\s in the complex plane, being the poles of T(-, k 2 ). By the poles of T(-, k 2 ), we 
mean the poles of the meromorphic function 

fci i y T(ki, k 2 ). 

In the following we will consider the position of the poles of T(-, k 2 ) lying inside 

D = {z G C : | lmz\ < t±, Rez E [—it, tt)}. 

for fixed k 2 G Z. Notice that if k is a pole of T(-, k 2 ), then k + m,m G 27rZ is also a 
pole. This observation is important, since we will track the position of the poles in 
the complex plane modulo 2-k'L in the real part. We have already reflected this fact 
in the definition of D above. 
Define for r G L 2 (Vt) 

H(k u k 2 )r := e iklXl T(k 1 , k 2 )[e~ tkl r] 

(e r means the function (yi,y 2 ) h-> e~ lklVl ) and note that 

(8) H(k x + 2<Km, k 2 ) = H(k u k 2 ) (m G Z). 

holds, whenever fei is not a pole of T(-, ^2)- 
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Whenever we speak of the number of poles of T(-, k 2 ), we do not take into account 
their orders, e.g. the number of poles of the meromorphic function z i— > z~ 2 +(z— 1)~ 3 
is two. 

Lemma 5.1. There exist a continuous path 

T : [0, oo) -> Z 

satisfying 

(i) T(0) G R, 

(ii) 1 1 — y ImT(t) is nondecreasing, 
(hi) Imr(t) — > +oo for t — > oo, 

with the property that there exists a neighborhood 

AT(r):=AT(r([o,oo))) 

of the path T and oJVgN such that the number of poles ofT(-, k 2 ) in D is equal to 
N for all k 2 G Af(T). 

Proof. According to theorem 18 .3[ the number of poles of T(-,k 2 ) is equal to some 
number iV G N, as k 2 varies in Z, except in case when k 2 G S. Here ^, is a 
certain discrete set of exceptional points not accumulating anywhere in Z. So it is 
possible to choose a continuous path T with the desired properties (see figure [2] for 
an illustration). □ 



Definition 5.2. For k 2 G Af(T) let 

q+(k 2 ) (j = l,...,iV+) 

denote the poles ofT(-,k 2 ) in D with the property that lmg^"(r(0)) > 0, i.e. those 
poles which initially lie in the upper half-plane. For any k 2 G N(T) define 

r N+ 

(9) A{k 2 )r := / H(k 1 ,k 2 )rdk 1 + 2mJ2^( H ^ k 2)r,q^(k 2 )) 

J [— 7r,7r]+iri j =1 

for all r G L 2 (Q). The formula is understood as a function in L 2 (Vt). 

ies(H(-,k 2 )r,q+(k 2 )) 

denotes the residual of the meromorphic L 2 (Q) -valued function k\ i— > H(ki,k 2 )r at 
the pole q~j{k 2 ). 

In general, the q^~(k 2 ) are algebraic functions of k 2 , i.e. they may behave like 
complex roots in the vicinity of points of the exceptional set £ (compare theorem 
18.31 and the discussion following it). On A/"(r) however, they are analytic. 

Lemma 5.2. A(k 2 ) : L 2 (Q) — > L 2 (Q) is a compact operator for each k 2 G A/"(r); 
moreover, k 2 h-> A(k 2 ) is an analytic operator-valued function. 
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Figure 2. The path r and the neigborhood A/"(r) in the k 2 -p\a.ne. 
The solid circles indicate points in the exceptional set S. 




Proof. The compactness is implied by the standard estimate 

|| VT(k h k 2 )f\\ LHn) < C(h, k 2 ) [\\f\\ LHn) + \\T(h, k 2 )f\\ L , m ] . 

The integral over [— 11,71] + ir\ in Qj depends analytically on k 2 , since H(k\,k 2 ) 
exists for all k 2 e A/"(r) and depends analytically on k 2 . In order to prove the 
analyticity of the sum in Q, fix a ^ 6 Nfi) and choose a system of small circles 
7j in the complex /^-plane, each of the jj enclosing one of the q~j{k 2 ) and no other 
poles. Since the number of poles stays constant away from the set 8 from theorem 
18.31 each of the jj encloses exactly the pole qj{k 2 ) for k 2 in a small neighborhood 
of k®. Hence the sum in may be written as 




for all k 2 close to k® and we see that it is obviously analytic in k 2 . □ 
The next lemma shows that indeed A(k 2 )r is an analytic continuation of (— Afc 2 — 
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Figure 3. The contours 7 and jj used in the proof of lemma l5~2l and [5T31 



Im k\ 




Lemma 5.3. In Z f]Af(T), 

(10) A(k 2 )r = (-A k2 - Xsoy'r 

for all r G L 2 (Q) (r = r on Q and zero on S 

Proof. Choose a contour 7 = 7(^2) m the complex plane as indicated in figure El 
where the lateral parts of 7 avoid poles qj~{k 2 ) with real part equal to — n or tt. The 
lateral part to the right has the same shape as the left part, but it is shifted by 2tt 
in positive real direction. 

None of the qf^) lies on the real axis for /c 2 close to T(0), since T(0) 6 Z . Using 
the residue theorem, we get 




since the ^(^2) are exactly the poles in the upper half-plane for k 2 close to T(0). 
Since the contributions from the lateral parts of the contour cancel due to the 
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periodicity (jSJ), the left-hand side of (JTTJ) is just 



H(ki,k<2)r dh\ — / H(ki, k 2 )r dk\ = 

,7r] J [— 7r,7r]+iri 

(-A fc2 - Xeo)- 1 ? - / H(h, k 2 )r dh, 

J [ — 7T,7r]+2Tl 

where we also used ([2]). This proves the lemma. □ 

Remark 5.3. For k 2 G Af(T) outside Z , the relation ffTU]) does not hold in general, 
but this will not matter in the following. 



6. Asymptotic behavior of A{k 2 ) as lmk 2 — >■ oo 
6.1. Asymptotic localization of the poles of T(-,k 2 ). 

Definition 6.1. For m 2 e 27rZ, —t\ + 2n < m 2 < T\ we define the following 
contours in the complex k\-plane: 

r m 2 := e C : max j 

The most important features of these contours are T^ 2 C Lines (see definition 18.51 
and figure H]) and the following 

Lemma 6.1. There exists a number M = M(5, n, A) > such that for all k 2 e A/"(r) 
TOi/i Im A;2 = § + G 2nN, I > M, each of the q^{k 2 ) is enclosed by one of the 
contours T^ 2 . Moreover, each contour encloses exactly one of the qj~(k 2 ) and no 
other pole ofT(-,k 2 ). 

Proof. As in definition 18.21 we define the operator W^k^. Lemma [8.11 shows that 
k± is a pole of (— A( fcl)fe2 ) — /xe ) 1 if an d only if ki is an eigenvalue of Wfj,(k 2 ). From 
lemma 18^21 we see that, if Im k 2 = | + ^, each of the contours encloses exactly one 
pole of —A7 k2 y i.e. each T^j 2 encloses exactly one eigenvalue of Wo(k 2 ). Moreover, 
from lemma 18721 follows that the dimension of the corresponding eigenspace is one. 
Then, since r^ 2 C Lines, by (1T7]) there exists a M = M(5, r 1; A) such that for £ > M 
the norm of A(— A( fcl)fc2 )) _1 £: is less than 1 on all the contours T^ 2 . By a Neumann 
series argument, (— A^^) — fieo)" 1 exists for all // G [0, A] on the contours and 
hence the dimension of the range of the projection 

(WM - ky'dk 

does not change when \x varies in [0, A]. But this implies that each of the T^ 2 encloses 
exactly one pole of T(-,k 2 ). In particular, each of the q^{k 2 ) must be enclosed by 
exactly one of the contours. □ 



Re fci T § 
26 



Im k\ — m 2 + 7r 



7T 
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6.2. Estimate for lmk 2 large. 



Theorem 6.2. There exist constants C = C{8, T\, A) > 0, M = M(5, T\, A) > suc/i 
&trf /or A; 2 e JV(r) of the form k 2 = Re k 2 + z(| + £) wit/i £ G 2vrN, £ > M, 

|| <cr\ 

Proof. Let fci G [— 7r, 7r] + z'ti or k\ G T^ 2 . Since ([— 7r, 7r] + irj) U C Lines, by 
corollary 18.11 there exists a C = C(5, r 1; A) and a M = M(5, n, A) such that 

\\T(k u k 2 )\\<c/e 

for all i > M. This gives 



(12) \\H(k u k 2 )r\\ L2{Q) < ||e-* 1 T(A; 1 ,fc 2 )(e- asi > 



U 2 (n) 



< Ortrl 



L 2 (n) 



with another constant C = C(5, t 1; A) independent of I > M (since k% is from a 
bounded region in the complex plane). It suffices to estimate the integral and the 
sum in separately. Using (TT2"|) . the L 2 -norm of the integral over [— 7r,7r] + %T\ is 
easily estimated by C£ _1 ||r|| i 2(Q) with another constant C = C(5, T\, A) independent 
of i > M. On the other hand, each pole q^(k 2 ) lies in exactly one of the contours 
T^L and hence the residue res(if (•, k 2 )r, q^{k 2 )) can be expressed as 



/ H{k,k 2 )dk 



which together with ( TT2|) . immediately implies the estimate 



N+ 



<cr l \\ r \\ L 2 



(«) 



L 2 (f7) 



with another constant C — C(8, ti, A) independent of £ > M. 



□ 



7. Proof of the main theorem 
Proof of theorem \3.1\ Consider the analytic Fredholm equation 

(13) v + XexA(k 2 )v = on Q 

for the unknown function v G L 2 (Q), and with k 2 G A/"(r). By theorem 16.21 ([TBI has 
only the trivial solution if k 2 G Af(T) with Im k 2 = | + £ and £ G 27rN is sufficiently 
large. By the analytic Fredholm theorem, the set where (fT3|) has a nontrivial solution 
is discrete in J\f(T). From lemma l5\3l we see that the problem (fT3|) coincides with 
(J7J) for all A; 2 G Z nJ\f(T), hence (JTj) has a nontrivial solution only for a discrete set 
of fc 2 G Zq. 

Now if ([1]) has a nontrivial solution m G if 2 (IR 2 ), then ([7]) has a nontrivial solution 
for all real k 2 , yielding a contradiction. □ 
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8. Appendix 
8.1. Poles of resolvent operators. 

Theorem 8.1. The poles of T(k\, k 2 ) in k\ contained in the set 

D — {z G C : | lm.z\ < tl, Re z G [— it, it)} 

are locally in k 2 the zeros of an analytic function depending on ki, k 2 . More precisely, 
for each k 2 G Z, there exists a neighborhood M = Af(k 2 ) and an analytic function 
F : C x M — > C such that for z 2 G Af, z G D is a pole of T(z, z 2 ) if and only if 
F(z,z 2 ) = 0. 

Before proving the theorem, we need to define the following operator and state 
some of its easily proved properties. 

Definition 8.2. Let W x {k 2 ) : D(W x (k 2 )) = H 2 per {Q) x flj^fi) -> H^Sl) x L 2 (Q) 
be defined by 

W x {k 2 )(u,v) := (v, A ( o, fc2 )M + 2id x v + \e u). 
We regard W\(k 2 ) as an unbounded operator in the Hilbert space Hp er (Q) x L 2 (Q). 

Lemma 8.1. (—^(ki,ka) ~~ ^ £ o) _1 exists if and only if iW\{k 2 ) — ki)~ x exists. As 
a consequence, k\ is a pole ofT(-,k 2 ) if and only if ki is an eigenvalue ofW\{k 2 ). 
Moreover, 

ker(W x (k 2 ) - k x ) = {(u, hu) : u G ker(-A( fclifca ) - \e )}. 

Proof of theorem \8.1\ In order to study the poles of T(-, z 2 ), it is sufficient by lemma 
18. II to study the eigenvalues of W\{k 2 ) contained in D. 

Now fix k 2 G Z and choose an 9 > such that the boundary of 

D := {z G C : Re z G (-7T - 9, n + 9), |Imz|<7i} 
is free of eigenvalues of W\(k 2 ); then the Riesz projection 

P{**) = ir-. I ( W M) ~ z )' ldz 
2tt« Job 

is analytic for z 2 in a small neighborhood of k 2 . For all z 2 G A/", z G D is an 
eigenvalue of W\(z 2 ) if and only if W\(z 2 ) has z as an eigenvalue, considered as 
on operator on the invariant finite-dimensional space ra,n(P(z 2 )). Standard argu- 
ments from perturbation theory (see [7j) assure us that there exists an isomorphism 
(analytic in z 2 ) U(z 2 ) : ran(P(A; 2 )) —> ran(P(z 2 )) for z 2 G Af. Hence, 

F( Zl ,z 2 ) := detp- 1 (z 2 )(W x (z 2 ) - z 1 )U(z 2 )} (( Zl ,z 2 ) G C x A") 

is an analytic function having the required properties. □ 

Theorem 8.3. There exists a set £ C C which does not accumulate in Z and a 
natural number JVeN, such that the number of poles of T(-, k 2 ) contained in D is 
equal to N for all k 2 G Z \ £ . 
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This follows from theorem 18. II and well-known facts from complex analysis (follow 
the references in [7J, chapter 2). Note that despite the fact that theorem 18.11 only 
gives a local (in k 2 ) description of the poles of T(-, k 2 ), simple compactness arguments 
give the global constancy of the number of poles in Z\£. An alternative suggestive 
reason for the constancy is the following: because of theorem 15.11 the poles cannot 
cross the upper and lower boundary of D and thus are confined inside/outside D 
(recall that we track the position of the poles modulo 2ir in real direction). So the 
only way the number of poles inside D can change as k 2 varies, is by collision, which 
happens exactly if k 2 G £. 

8.2. Estimates for the symbol of — A k for complex k. Recall that s(m, k) = 
(m + k) 2 is the symbol of the operator — A k in the Fourier series representation. 
The following estimates for the symbol are completely elementary, yet they play a 
crucial role in our whole development. 

Theorem 8.4. For £ = (£1,^2), V = (V11V2) e ^ 2 > m = ( m i> m 2) G 2tcZ 2 the 
following estimates hold: 

(14) | S (m, £ + u,)| 2 > [(m 2 + 6) 2 - Vi? + [K + £i) 2 - %T 

(15) \s(m, £ + irj)\ 2 > 2[(mi + 6)^1 + (m a + 6)t? 2 ] 2 
Proof. First note 

|s(m, £ + ir))\ 2 = [(m + if - rf] 2 + 4[(m + £) ■ r)} 2 . 
Now note the following identity (xi,X2 rea l numbers) 

(xl - Vl + xl~ Vl) 2 + *(XiVi + X2V2) 2 
= (xl ~ rilf + (xl - Vl) 2 + 2(XiTh + X2V2? + 2(X2Xi + ViV2?- 
Apply this with Xi — m i + £i> i = 1, 2, to obtain 

(16) | S (m,£ + ^)| 2 = [( m2 + e 2 ) 2 -r / 2 ] 2 + [(m 1 +a) 2 -r ?2 2 ] 2 

+2[(mi + £1)771 + (m 2 + £ 2 )r/ 2 ] 2 
+2[(m 2 + £ 2 )(m 1 + £ 1 )+77ir/ 2 ] 2 . 

From this both estimates follow. □ 

Fix a fc 2 = £ 2 + "72 with £ 2 G [7r - 5, 7r + <5] and ?7 2 = § + £ G 27rN . Define 
J+, J- : 2ttZ 2 -»■ C by 

7T 

J±(m 1 ,m 2 ) = ±(- + £) - mi =F i|m 2 + £2! if m 2 > 

J±(m 1 ,m 2 ) = ±(- +£) -mi ±z|m 2 + C2I if m 2 < 0. 

Note that J7"+ and J71 are one to one and 

J+(2ttZ 2 ) n J-(2irZ 2 ) = 0. 

In the next lemma, the poles of (— A(.^ 2+ ^ 2 )) _1 are determined. The proof is a 
simple computation using the above defined J7± and (fTB|) . 
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Lemma 8.2. Let fc 2 = £2 + ii]2 with £2 £ [it — 5, n + 5] and r/ 2 = f + £ G 27rN fre 
/ixec?. JTien 

(i) s(m, (fci,^2 + ^2)) — if and only if ki = j7+(m) or k\ = J71(m). 

(ii) ker(— A(fc lj g 2+ ^ 2 )) = span{e im ' x }, where m G 27rZ 2 z's uniquely determined 
by the condition k\ = j7+(m) or k\ = J_(m). If there is no m G 27rZ 2 
satisfying k x = j7+(m) or fci = Jl(m), £/ien — A( fcl ^ 2+ j % ) z's invertible. 

As a consequence, for any pole k\ of ~A7^ +jj)2 , we have either k\ = /7+(m) or 
k\ = J7_(m) wift a uniquely determined m G 27rZ 2 . Moreover, if k\ is a pole of 
— A7> , • n, t/ien fci + m, m G 27rZ z's a/so a po/e. 

Definition 8.5. We define the set Lines C C consisting of four vertical and a finite 
family of horizontal lines in the complex k\-plane (see figure^ by 



Lines := 



((±| ± 25) + zR) U I |J [ 

\ue2irZ, \u\<tl 



-7T, 7T 



Zi/ 



Lemma 8.3. There exists a C = C(5,T\) > and a M = M(5,Ti) > such that 
for all £ G 2ttN, £ > M, all k\ G Lines, and all £2 £ [71- — <5, 7r + 5] i/ie following 
estimate for the symbol of — A^ holds: 

s(m,(fci,£ a + i(! + *)))| >C7£ (m G 2ttZ 2 ). 

v4s a consequence, 

( 17 ) ! (-A^^)))- 1 <C7£ 

/or a// fci G Lines, £ > M, £ 2 G [tt - 5, n + 5] . 



-1 



Proof lemma WTSi In total we have to consider four cases: 

1. Vertical lines: h = (±f ± 25) + iu [y G E) 
Case 1.1 m = (±£, m-i) 

Case 1.2 m = (mi, m 2 ) with in\ 7^ ±£ 

2. Horizontal lines: k\ = /i + zV (/i G [— 7r,7r], f G 27rZ, < 
Case 2.1 m = (±£, m 2 ) 

Case 2.2 m = (mi, m 2 ) with mi 7^ ±£ 

For the case 1.1, we use the estimate (1141) to obtain 



a (m,(fc 1 ,£ 2 + i(| + *)))| 2 > [(±^+(±^±25)) 2 -(| + 

= [±2£(±^±25) + (±|±25) 2 -^] 2 
> C(5)£ 2 

for sufficiently large £ G 27rN, since (±| =F f ± 25) 7^ by the choice < 25 < \ 
To treat the cases 1.2 and 2.2 we consider the intervals 

J m := (m + [-7T, vr]) 2 = {(m + ?7) 2 : 77 G [-7T, vr]}, 
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Figure 4. Illustration of the set Lines in the complex plane. 
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-f - 25 + ffl 


rr 
2 


+ 28 + at 


f -2^ 


-iR I 


■ + 2<5 + fflt 



i i7~l + I— 7T, 7TJ 



1 4^2 + [ — , 7r] 



27TZ 4- f— 7T, 7rl 



7T 



— 2lli + [ — 7T, 7r] 

—Awi + [— 7T, 7r] 

— 2Ti + [—71", 7r] 



where m G 27rZ. Then 7 m = 7_ m and max J| m | = min 7| m | +27r . So the intervals L m \ 

and i| m | + 27r are adjacent and the union of all I m is [0, oo). Since (f + £ h and 
mi 7^ ±^ we have for sufficiently large I 



dist((| + /) 2 ,/ mi ) > min|(| + £) 2 -(£-7r) 2 



+ 7T) 5 



> (n£ + -7T 2 ) > C£ 
- \ 4 



with some constant C > 0. Using (1T4T) we obtain 

S (m,( / i + ^,6 + *(^ + ^)))| 2 > [(m 1 + /i) 2 -(^ + £) 2 ] 2 >C 



2«2 



by ( fl8l) since (mi + /i) 2 e J mi . This proves the desired estimate in the case 2.2. In 
the case 1.2, the proof is the same since again by estimate (I14p 



S (m,((±|±25)+^£ 2 + z(| +£)))\ 2 > [(m 1 + (±|±25)) 2 -(| + 
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and (mi + (±f ±25)) 2 e I mi . 

For the case 2.1 we use the estimate (|T5|) . 

2 



s(m,0 + «V,£ 2 +i (|+^)))| > 2[(±£ + /i)z/+(m 2 + 6) (| + 



21 2 4 



m 2 + 



Since m 2 + ^ converges (uniformly in /x G [— 7r,7r] and z/ G 27rZ, < t\) to 

some m± G 27rZ as £ — > oo, and since £ 2 G [vr — 5, 7r + 5] with < 8 < j, there exists 
a constant C(5, Ti) > such that for sufficiently large £ 

±£ + fi 



m 2 + 



(f+<) 



> C(5,n) > o. 



□ 



Then, for sufficiently large I 

s(m, {fj, + iv, £ 2 + i (| + tj )) | 2 > C(5, n)£ 2 

holds, with another constant C(5, ri) > 0. 

Using the same Neumann series argument as in the proof of theorem 15. II we obtain 
the following 

Corollary 8.1. There exists a C = C(5, ri, A) > and a M = M(5, r 1; A) > such 
that for all £ G 27rN ; £ > M, all k\ G Lines, and all £ 2 G [7r — 5, it + 5] i/ie following 
estimate holds: 



< C£ 



-1 



Lemma 8.4. Let < 5 < f , £ 2 G [7r - 5, 7r + 5] . T/ien /or m G 27rM 
min (m 2 + 6) 2 - (m + 2tt) 2 | > (2m + 3tt + 5)(vr - 5). 

Proof. First notice that 

|J ( m2 + [ 7r -5, 7 r + 5]) 2 = |J 7+U |J J" 

m2S27rZ mG27rNo m€27rN 

where 

It = {±m + [n -5,7i + 5}) 2 = [{±m + 7CTS) 2 ,{±m + 7r±5) 2 }. 
Moreover, 7 m+27r = 7+ for m G 27rN , i.e. 

|J (m 2 + [ 7 r-5,vr + 5]) 2 = (J 7+ 

m2G27rZ me27rNo 

The intervals 7+ and 7+ +27r are disjoint and (m + 27r) 2 lies in the gap between them. 
Moreover, 

min7+ +27r - (m + 2?r) 2 = (2m + 5?r - 5)(tt - 5) 
(m + 2tt) 2 - max 7+ = (2m + 3tt + S)(ir - 5), 



18 



VU HOANG AND MARIA RADOSZ 



from which the estimate for the minimum follows. □ 

References 

[1] H. Ammari and F. Santosa: Guided waves in a photonic bandgap structure with a line defect. 

SIAM J. Appl. Math. 64 (2004), 2018 - 2033. 
[2] M. Sh. Birman and T. A. Suslina: Periodic magnetic Hamiltonian with a variable metric. 
The problem of absolute continuity, Algebra i Analiz 11 (1999); English translation in St. 
Petersburg Math. J. 11 (2000), 203-232. 
[3] V. I. Derguzov: On the discreteness of the spectrum of the periodic boundary-value problem 

associated with the study of periodic waveguides. Siberian Math. J. 21 (1980), 664672. 
[4] N. Filonov and F. Klopp: Absolute continuity of spectrum of a Schrodinger operator with a 
potential that is periodic in some direction and decays in others. Doc. Math. 9 (2004), 107-121. 
[5] L. Friedlander: Absolute continuity of the spectra of periodic waveguides. Contemporary 

Math. 339 (2002), 37-42. 
[6] I. Kachkovskii, N. Filonov: Absolute continuity of the Schrodinger operator spectrum in a 

multidimensional cylinder. St. Petersburg Math. J. Vol 21 (2010), 95-109. 
[7] T. Kato: Perturbation theory for linear operators. Springer, New York (1976). 
[8] P. Kuchment: Floquet theory for partial differential equations. Basel: Birkhauser, 1993. 
[9] P. Kuchment: The Mathematics of Photonic Crystals. In Bao, Gang (Eds): Mathematical 
Modeling in Optical Science. SIAM, Philadelphia (2001). 
[10] P. Kuchment and B. Ong: On Guided Electromagnetic Waves in Photonic Crystal Waveguides. 

Waves in Periodic and Random Media, Contemp. Math. v. 339, 105-115. 
[11] P. Kuchment and B. Ong: On Guided Electromagnetic Waves in Photonic Crystal Waveguides, 

Amer. Math. Soc. Transl. Volume 231, 2010 
[12] P. Kuchment: On some spectral problems in mathematical physics. In C. Conca, R. Man- 
asevich, G. Uhlmann, and M. S. Vogelius (eds): Partial Differential Equations and Inverse 
Problems, Contemp. Math. v. 362, 2004. 
[13] P. Kuchment and S. Levendorskii: On the structure of the spectra of periodic elliptic operators, 

Trans. Am. Soc., Volume 354, Number 2, Pages 537-569 
[14] M.H. Prottcr: Unique Continuation for Elliptic Equations, Trans. Am. Math. Soc, Volume 

95, Number 1, Pages 81-91 
[15] A. V. Sobolev and J. Walthoe: Absolute continuity in periodic waveguides. Proc. London 

Math. Soc. (3) (2002), no. 85, 717-741. 
[16] A.V. Sobolev: Absolute continuity of the periodic magnetic Schrodinger operator. Inventiones 

Mathematicae 137 (1999), 85-112. 
[17] T. Suslina: Absolute continuity of the spectrum of periodic operators of mathematical physics. 

Journcs Equations aux Derives Partielles, Nantes, 5-9 Juin 2000, GDR 1151 (CNRS). 
[18] L. E. Thomas: Time dependent approach to scattering from impurities in a crystal. Comm. 
Math. Phys. 33 (1973), 335-343. 

Institute for Analysis, Karlsruhe Institute for Technology (KIT), 76133 Karl- 
sruhe, Germany, 

E-mail address: duy.hoang@kit.edu, maria.radosz@math.uni-karlsruhe.de 



